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Abstract: Precise and low-latency information trans-
mission through communication systems is essential
in the Industrial Internet of Things (IIoT). However,
in an industrial system, there is always a coupling
relationship between the control and communication
components. To improve the system’s overall perfor-
mance, exploring the co-design of communication and
control systems is crucial. In this work, we propose
a new metric – Age of Loop Information with Flex-
ible Transmission (AoLI-FT), which dynamically ad-
justs the maximum number of uplink (UL) and down-
link (DL) transmission rounds, thus enhancing relia-
bility while ensuring timeliness. Our goal is to explore
the relationship between AoLI-FT, reliability, and con-
trol convergence rate, and to design optimal block-
lengths for UL and DL that achieve the desired con-
trol convergence rate. To address this issue, we first
derive a closed-form expression for the upper bound
of AoLI-FT. Subsequently, we establish a relationship
between communication reliability and control con-
vergence rates using a Lyapunov-like function. Fi-
nally, we introduce an iterative alternating algorithm to
determine the optimal communication and control pa-
rameters. The numerical results demonstrate the sig-
nificant performance advantages of our proposed com-
munication and control co-design strategy in terms of
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latency and control cost.
Keywords: age of loop information; co-design; flexi-
ble transmission; IIoT

I. INTRODUCTION

The Industrial Internet of Things (IIoT) refers to the
trend of applying Internet technology in the industrial
sector, connecting various devices, sensors, and sys-
tems to collect, transmit, analyze, and apply data. The
emergence of this technology has brought unprece-
dented changes and opportunities to industrial produc-
tion [1]. In the IIoT, communication and control sys-
tems play crucial roles. The communication system is
responsible for transmitting data collected from vari-
ous devices and sensors to the central processing unit,
while the control system implements corresponding
control strategies based on this data to monitor and
regulate the production process. However, designing
relevant parameters to optimize the performance of
both communication and control system to meet pro-
duction demands remains a challenge.

In the modern industrial production process, the de-
mand for precise control of equipment and efficient
communication is increasingly prominent. The timeli-
ness and reliability of the communication system play
a decisive role in the response speed and stability of
the control system [2]. Traditionally, however, com-
munication systems and control systems are often de-
signed and optimized separately, largely overlooking
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the intrinsic connection and mutual influence between
them. For instance, a communication system empha-
sizing reliability may not be suitable for control sys-
tems that require rapid response. The power indus-
try utilizes remote monitoring to track the operational
status of power transformers, enabling analysis and
maintenance decisions. Similarly, the manufacturing
industry monitors the operating conditions of produc-
tion line equipment to detect and resolve equipment
faults. These monitoring systems typically do not re-
quire immediate responses to the data but rely on reli-
able data transmission to support subsequent analysis
and decision-making.

To balance the performance of communication and
control systems, many scholars are dedicated to the re-
search of sensing-communication-computing-control
closed-loop optimization: (1) improving control per-
formance as much as possible under the constraints
of communication requirements, and (2) optimizing
more realistic communication models given the de-
sired control performance [3]. Presently, traditional
communication metrics such as latency, throughput,
and response time, along with control parameters like
stability and convergence, are basically from individ-
ual domains, which do not fully reflect the perfor-
mance characteristics of the integrated system [3]. On
one hand, high efficiency in the communication sys-
tem could lead to an overreaction in the control sys-
tem. For communication systems that allow real-time
data transmission, controllers can respond quickly.
However, this may cause controllers to overreact to
minor fluctuations or transient noise, affecting the sys-
tem’s stability and efficiency. For instance, in power
distribution networks, data on load changes is fre-
quently transmitted in real time. If there are transient
fluctuations in the load, the controller might swiftly
adjust the power distribution, even though these fluctu-
ations might be temporary. Such frequent adjustments,
however, increase the complexity and instability of the
system. On the other hand, the stringent stability re-
quirements of control systems may impose constraints
on the performance of communication systems, such
as the frequency of data transmission, latency toler-
ance, and redundancy mechanisms. For example, in a
monitoring system, sensors measure data such as tem-
perature and pressure and transmit the data to the con-
troller via the communication system. The sensor data
transmission is set to 1 Hz to ensure stable operation.

However, this limitation reduces the real-time nature
of the data. Therefore, designing a novel metric ca-
pable of assessing the performance of communication
and control systems concurrently is essential to propel
research in the co-design of these systems.

Traditional parameters that simultaneously influ-
ence control and communication systems mainly in-
clude sampling period, packet loss strategy, and trans-
mission strategy [4–6]. For instance, applying an ap-
propriate sampling period can achieve better control
performance and reduce communication energy con-
sumption. Based on the success of data transmission,
wireless links can be added or removed to balance
control stability and communication resource usage.
However, considering the production demands in ac-
tual IIoT scenarios, there is an urgent need to estab-
lish new metrics that can comprehensively evaluate the
combined performance of communication and control
systems.

Currently, the emerging concept of Age of Informa-
tion (AoI) and its extensions demonstrate unique ad-
vantages in optimizing communication performance,
with the potential to drive the development of
communication-control co-design. In our recent work,
we proposed a novel metric – the Age of Loop Infor-
mation (AoLI), which captures changes in data trans-
mission time and transmission rounds in both the up-
link (UL) and downlink (DL) processes. This metric
aims to optimize the performance of both communi-
cation and control systems simultaneously [7]. Build-
ing upon this work, this paper further considers UL
and DL wireless transmissions in multi-user scenarios
and incorporates multiple antennas at the remote con-
troller to enhance signal receiving quality. Moreover,
this study dynamically allocates transmission attempts
based on the success of UL and DL transmissions, im-
proving reliability while ensuring the convergence rate
of control. Our contributions of this work are:

1. We propose a new indicator, Age of Loop In-
formation with Flexible Transmission (AoLI-FT),
to measure the freshness of information in multi-
user scenarios. This indicator can adaptively ad-
just the transmission rounds of both the uplink
and downlink based on their channel conditions.

2. We derive a closed-form expression for the upper
bound of the average AoLI-FT,which is a func-
tion of blocklength and average block error rate
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in both uplink and downlink.

3. Using the proposed iterative search algorithm, we
design the communication and control system pa-
rameters under control constraints to minimize
AoLI-FT, achieving optimal synergy between the
two.

II. RELATED WORKS

Several research works focus on balancing the per-
formance of communication and control simultane-
ously. By increasing spectral efficiency and guarantee-
ing control convergence, [8] obtains the optimal opti-
mization variable [3]. In [9], the authors create the op-
timal communication settings by reducing control and
communication costs while adhering to communica-
tion limitations such maintaining the queue sequence’s
stability. Additionally, the authors in [10] create a
combined framework for communication and control
that relies on survival time. This refers to the dura-
tion a closed-loop wireless control system can oper-
ate without expecting a message. Furthermore, with
less resource consumption, this framework can guar-
antee the stability of wireless control systems. Ad-
ditionally, the authors in [11] proposed a unique dis-
tributed self-triggered control co-design technique for
wireless multi-hop networks. The communication sys-
tem allocates resources in accordance with the control
system’s advance notification of its transmission de-
mands. Dynamic settings of both are required for var-
ious scenarios with diverse performance requirements
for communication and control systems. Even though
these approaches somewhat ensure optimal overall
system performance, they must be tailored to specific
needs. For example, communication performance may
be suitably compromised in order to increase control
convergence.

Recently, a new Quality of Service (QoS) metric
known as the Age of Information (AoI) has been pro-
posed to assess the timeliness and freshness of status
updates [12], [13]. To better balance the performance
of communication and control systems, [9] derived
the relationship between control costs and the aver-
age AoI, and analyzed the correlation between aver-
age AoI and reliability, thereby confirming that AoI
can measure both communication and control perfor-
mance concurrently. However, the consideration of
only the wireless transmission AoI from the sensor

to the controller, with the assumption of ideal trans-
mission from the controller to the actuator, has certain
limitations. Further consideration is given to the fact
that each of the aforementioned transmission mech-
anisms are wireless by [14] and [15]. One method
shortens transmission duration using a state predictor,
while another uses a finite Markov chain to model con-
trol information updates, resulting in the derivation of
the average effective age of information (EAoI). This
metric provides insights for designing efficient con-
trol systems. However, these approaches do not ensure
communication system reliability. Examining the sit-
uation of machine type communication (MTC) state
updates within the automatic repeat-request (ARQ)
protocol, [16] investigates a method involving infinite
re-transmissions, prioritizing reliability over transmis-
sion time. However, this approach may compromise
control performance. Hence, there is a need to cre-
ate a new metric that can balance the performance of
control and communication.

III. SYSTEM MODEL

We examine a standard wireless communication-
control system with M independent plants, as illus-
trated in Figure 1. Within each plant, multiple sensors
and actuators are strategically deployed. The trans-
mitter on the plant sends state packets to the remote
controller via the uplink (UL). The remote controller
generates the control commands based on the received
states and sends them to the plant’s receiver through
the downlink (DL), which then actuates the actua-
tors to control the factory. Each plant’s transmitter
is equipped with a single antenna, while the remote
control system has L antennas. Consequently, the
UL functions akin to a Single Input Multiple Output
(SIMO) system, whereas the DL operates as a Multi-
ple Input Single Output (MISO) system.

Additionally, assume that the state packet is trans-
mitted at the start of the k-th sampling period. For
the m-th plant, the state packet contains Îm bits of
information, defined as xk,m ∈ Rdm (dm is the di-
mension of attributes of the m-th plant), which is en-
coded into n̂m symbols through modulation, defined
as x̂k,m. Each symbol has a duration of Ts, and the
bandwidth is 1/Ts. The remote controller receives the
modulated signal as x̂′

k,m and demodulates it to x′
k,m.

Next, the controller computes the control command
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Figure 1. System model.

uk,m ∈ Rqm (qm is the control attribute dimension
for the m-th plant), which contains Ĭm bits of infor-
mation, and modulates it to ŭk,m with n̆m symbols.
After wireless transmission, the actuator receives the
modulated control command ŭ′

k,m and demodulates it
to obtain u′

k,m.

3.1 Communication System Model

Received signal: After transmission through the wire-
less channel, the n-th information symbol of the m-th
plant (x̂m,n) that is received by the controller can be
written as [17]

x̂′
m,n = ŵH

mĥmx̂m,n︸ ︷︷ ︸
desired signal

+
M∑

i=1,i ̸=m

ŵH
mĥix̂m,i︸ ︷︷ ︸

interfering signal

+δ,
(1)

where ĥm ∈ CL×1 corresponds to the channel vec-
tor from the m-th plant to the controller in the up-
link, ŵm ∈ CL×1 denotes the receive beamformer,
and δ follows a Gaussian distribution with zero mean
and variance σ2, representing Additive White Gaus-
sian Noise (AWGN).

The signal-to-interference-plus-noise ratio (SINR)
at the controller from the m-th plant can be expressed
as

γ̂m =

∣∣∣ŵH
mĥm

∣∣∣2∑M
i=1,i ̸=m

∣∣∣ŵH
mĥi

∣∣∣2 + σ2

. (2)

In the DL, the SINR at the q-th actutor is [18]

γ̆q =

∣∣∣h̆H
q w̆q

∣∣∣2∑Q
j=1,j ̸=q

∣∣∣h̆H
q w̆j

∣∣∣2 + σ2

, (3)

where h̆q ∈ CL×1 corresponds to the channel vec-
tor from the controller to the q-th actuator, and w̆q ∈
CL×1 represents the transmit beamformer for the q-th
actuator (in the downlink).

Block Error Rate: The majority of data in IIoT
scenarios, such as sensor data monitoring and device
status monitoring, are sent in short packets. There-
fore, the Shannon capacity cannot be used to capture
the achievable transmission rate. For instance, in UL
transmission, the finite blocklength capacity can be
used to represent the achievable transmission rate as
[8]

R̂m ≈ log(1 + γ̂m)−

√
V̂m

n̂m
Q−1(ε̂m), (4)

where V̂m = 1 − 1
(1+γ̂m)2 represents the channel dis-

persion. The inverse Gaussian Q-function is denoted
by Q−1(·), and the block error rate is represented by
ε̂m, which is given by the following terms:

ε̂m ≈ Q

√
n̂m

(
log(1 + γ̂m)− Îm

n̂m

)
√
1− 1

(1+γ̂m)2



≈


1, γ̂m < δ̂m + 1/(2α̂m),

α̂m(γ̂m − δ̂m) + 1/2, other,

0, γ̂m > δ̂m − (2α̂m),
(5)

where δ̂m = e
Îm
n̂m − 1, and α̂m = −

√
n̂m

2π(e2Îm/n̂m−1)
.

I represents the amount of information bits, and R̂m =
Îm
n̂m

. The Q function can be approximated as a linear
function to obtain Eq. (5) [19].

3.2 Control System Model

System Model: At time instant k, the discrete time
control function of the m-th plant is as follows [8]:
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xk+1,m = Φmxk,m+Γk
0,mu

′
k,m+Γk

1,mu
′
k−1,m+vk,m,

(6)
where Φm = eAms,Γk

0,m =
∫ s−τk,m

0 eAmtBmdt

and Γk
1,m = eAm(s−τk,m)

∫ τk,m

0 eAmtBmdt, where the
sample period length is denoted by s. The transmis-
sion duration and idle duration of the k-th sample pe-
riod (including UL and DL) are denoted as [0, τk,m]

and [τk,m, s], respectively. Additionally, the system
matrix is represented by Am ∈ Rdm×dm and the in-
put matrix is represented by Bm ∈ Rdm×qm . Be-
sides, the Gaussian random system noise1 with zero
mean and covariance Vm ∈ Rdm×dm is represented as
vk,m ∈ Rdm .

Due to imperfections in wireless transmission,
packet loss may occur in both the uplink and down-
link. It is assumed that successful DL transmission
depends on the success of the UL transmission. In the
m-th plant, let β̂k,m = 1 and β̆k,m = 1 respectively
indicate that UL and DL transmissions are successful.
Otherwise, set β̂k,m = 0 and β̆k,m = 0. We implement
a linear feedback system for the controller, represented
as uk,m = −Θk,mζk,m, where Θk,m ∈ Rqm×(dm+qm)

denotes the control gain. After a successful transmis-
sion, u′

k,m = uk,m. Subsequently, we introduce the

generalized state ζk,m =
[
xk,m; u

′
k−1,m

]
for the sub-

sequent analysis. The closed-loop system can then be
rewritten as

ζk+1,m =


Ψm(s, τk,m)ζk,m +Ωm(s, τk,m)u

′
k,m

+vk,m,

Ψm(τk,m)ζk,m + vk,m,
(7)

where Ψm(s, τk,m) =

[
Φm Γk

1,m

O1 O2

]
,

Ωm(s, τk,m) =

[
Γk
0,m

I

]
and vk,m = [vk,m; O3].

The zero matrices O1, O2, and O3 have dimensions
q × d, q × q, and q × 1, respectively. Addition-
ally, I represents the identity matrix of size q × q.
Eq. (7) shows the calculation of ζk+1,m for the
case when β̂k,mβ̆k,m = 1 and for other cases.
A more generic form can be obtained by letting
Ψ̄m(s, τk) = Ψm(s, τk)−Ωm(s, τk)Θk,m.

Control Performance: The control convergence rate
in system design determines how quickly the system
response reaches a steady state. It significantly im-

pacts the system’s dynamic performance, including
real-time responsiveness, stability, and accuracy. Tai-
loring the convergence rate to specific application sce-
narios allows us to meet targeted performance indica-
tors effectively.

Firstly, we focus on a Lyapunov-like function to de-
termine the suitable control convergence rate:

L
(
ζk,m

)
= ζT

k,mRmζk,m, (8)

where Rm is a positive definite matrix. To reach the
preset plant state, the Lyapunov function must meet
the following requirements:

E
[
L
(
ζk+1,m

)
| ζk,m

]
≤ ρmL

(
ζk,m

)
+Tr

(
RmV m

)
,

(9)
where ρm represents the control convergence rate, and
V m = [V m; O3]. The convergence of the control
system is ensured by maintaining rates ρm < 1 [20].

Control Cost: We use the linear quadratic regula-
tor (LQR) control cost to assess control performance.
This cost is determined by [21]

Jm = E

[
K−1∑
k=0

(
ζT
k,mGmζk,m

+ u′
k,m

T
Umu

′
k,m

)
+ ζT

K,mGmζK,m

]
,

(10)
where Gm and Um are symmetric weighting matri-
ces, with the former being positive semi-definite and
the latter being positive definite. The variable K rep-
resents the number of update packets received by the
actuator before time t.

Control Gain: The optimal control gain, which min-
imizes Eq. (10), is represented as described in [22]. To
maintain brevity, the subscripts (s, τk,m) of Ω and Ψ

are omitted in this representation.

Θ∗
k,m =

(
Um +ΩT

mP̄mΩm

)−1
ΩT

mP̄mΨm, (11)

where the steady-state solution of the control Riccati
recursion, denoted as P̄m, can be written as follows:

P̄m = ΨT
mP̄mΨm −ΨT

mP̄mΩm

(
ΩT

mP̄mΩm +Um

)−1

×ΩT
mP̄mΨm +Gm.

(12)
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Figure 2. UL and DL wireless transmission diagram. (a) The evolution of AoLI-FT. Solid circles represent transmission
rounds for the UL, while hollow circles represent those for the DL. tsk indicates the generation of the k-th sample, while tak
indicates its successful reception. (b) Transmission process.

3.3 Age of Loop Information with Flexible
Transmission

Assuming that the transmission process of state pack-
ets follows the First-Come-First-Served service rule,
we model this process as an M/G/1 queuing system.
Status packets are generated based on a Poisson pro-
cess with an average arrival rate of λ = 1/s. Next, we
will discuss the expression for AoLI-FT for the case
of a single plant and multiple plants respectively.

1) Case 1: Considering only one plant, M = 1.
Figure 2 shows the evolution process of AoLI-FT

in this case. It can be seen that the status packet can
be transmitted or retransmitted to the destination, with
transmission rounds ĉ. Similarly, the control com-
mand in the downlink can also be transmitted or re-
transmitted (c̆ times) until successfully received by the
actuator, under the condition of ensuring correct up-
link transmission. Assuming that the number of trans-
mission rounds for both the uplink and the downlink is
c, and ĉ+ c̆ ≤ c, successful transmission is guaranteed

under the maximum number of c retransmissions. In
addition, it is assumed that the destination will send
an ACK or NACK message back to the sender after
receiving the packet. The sender will send the most
recent status packet again if it receives a NACK; oth-
erwise, it will send the subsequent new status packet
[23, 24].

As illustrated in Figure 2, during the k-th update
process, the area under the AoLI-FT curve is denoted
as Sk. The average AoLI-FT can be formally defined
according to [16].

∆̄ = lim
t→∞

1

t

K(t)∑
k=1

Sk

=
λ̃
[
E
(
A2

)
+ 2E(T )E(A)

]
2

,

(13)

where Sk = (Ak + 2Tk)Ak/2, representing the
shadow part of the trapezoid. Ak = tak − tak−1 and
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Tk = tak−1− tsk−1. Besides, K(t) represents the cumu-
lative number of update packets received by the desti-
nation before time t, and λ̃ denotes the average arrival
rate of update packets, calculated as lim

t→∞
K(t)
t . Each

packet’s first-order moment of the sojourn time can be
represented as E(T ) = Ts(E(Ĉ)n̂ + E(C̆)n̆), where
E(Ĉ) and E(C̆) represent the average rounds of trans-
missions for the UL and DL respectively. The average
rate of information updates can be expressed as

λ̃ =
1

1
λ + E(T )

. (14)

The expression for E(A) is as follows:

E(A) =
c∑

i=1

E(A | C = i)P(C = i). (15)

Similarly, we can obtain E(A2) as

E(A2) =

c∑
j=1

E(A2 | C = j)P(C = j). (16)

2) Case 2: Considering M plants.
For M plants, the average AoLI-FT can be defined

as follows:
∆̄′ =

1

M

∑
m∈M

∆̄m, (17)

where M = {1, . . . ,M} denote the set of plants.

3.4 Problem Formulation

In the scenario of M plants, ρ = [ρ1, ρ2, ..., ρM ]

represents the control convergence rate vector. n̂ =

[n̂1, n̂2, ..., n̂M ] and n̆ = [n̆1, n̆2, ..., n̆M ] represent the
blocklength vectors in the UL and DL transmission
processes, respectively. As AoLI-FT can reflect both
the control systems and communication systems [9],
our goal is to minimize ∆̄′. Therefore, we define the
following optimization problem:

Q1 : min
ρ,n̂,n̆,ŵk,m,w̆k,m

∆̄′

s.t.
Îk,m

log2Θ̂m

≤ n̂k,m ≤ n̂max, ∀k, (18a)

Ĭk,m

log2Θ̆m

≤ n̆k,m ≤ n̆max, ∀k, (18b)

∑
m

∥ŵk,m∥22 ≤ P̂max, ∀k, (18c)∑
m

∥w̆k,m∥22 ≤ P̆max, ∀k, (18d)

0 < ρ < 1, (18e)

(9), (18f)

where Θ̂m and Θ̆m represent the modulation schemes
in the UL and DL of the m-th plant, respectively. P̂max

and P̆max represent the maximum power in the UL and
DL, respectively, and normally P̂max = 1.

IV. MAIN RESULTS

Problem Q1 is hard to tackle since the variables are
deeply coupled. To make it more tractable, we first
derive the receive/transmit beamformer.

In this paper, we use the Minimum Mean Square
Error (MMSE) detector to construct ŵk,m (i.e., the re-
ceive beamformer) and w̆k,m (i.e., the transmit beam-
former) as follows [25] [26]:

wT
m = ϖw′

m, (19)

where [w′
m = hH

m

(
hmh

H
m + σ2

Pmax
I
)−1

] and the intro-

duction of ϖ =
√

Pmax
Tr(w′H

m w′
m)

is to satisfy the power
constraints.

Once the receive/transmit beamformer is given by
(19), problem Q1 becomes finding the optimal ρ, n̂
and n̆ for m plants under the condition of minimiz-
ing AoLI-FT. According to (17), problem Q1 can be
then decomposed into finding the minimum AoI-FT
for each plant. However, the problem remains in-
tractable even when M = 1. Therefore, by establish-
ing the upper bound of AoLI-FT, which adaptively ad-
justs the transmission rounds of the uplink and down-
link, we simplify the problem and design an algorithm
to find suitable optimization variables.

Theorem 1. For a plant with finite re-transmission
rounds, the upper bound of the average AoLI-FT is

∆̂ = E(Ā) +
0.5b2

s+ E(T̄ )
, (20)

where b2 = E(Ā2)− 2s2 − 2s(E(Ā)− s).
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Proof. See Appendix A.

To explore the relationship between the control sys-
tem and the communication system, we rewrite (9)
based on [8] as follows:

pk,m ≥
ζT
k,m

(
ΨT

mRmΨm − ρmRm

)
ζk,m

ζT
k,m

(
ΨT

mRmΨm − Ψ̄
T
mRmΨ̄m

)
ζk,m

,

(21)
where pk,m = (1− ε̂k,m)(1− ε̆k,m). According to [8],
an upper bound for the right-hand side of Eq. (21) ex-
ists. By minimizing J to obtain ρmin, and substituting
its steady state ζ∗ into Eq. (21), we can determine the
lower bound of the inequality in Eq. (21).

Although state updates are correlated across differ-
ent time indices k, the allocation of wireless resources
required for control is independent. Additionally, re-
sources such as transmission power are distinct across
various plants. Consequently, we can eliminate the
time index k and divide Problem Q1 into M subprob-
lems. Therefore, Q1 can be rewritten as

Q2 : min
ρ,n̂,n̆

∆̂

s.t.
Î

log2Θ̂
≤ n̂ ≤ n̂max, (22a)

Ĭ

log2Θ̆
≤ n̆ ≤ n̆max, (22b)

∥ŵ∥22 ≤ P̂max, (22c)

∥w̆∥22 ≤ P̆max, (22d)

0 < ρ < 1, (22e)

p =
ζ∗T (

ΨTRΨ− ρR
)
ζ∗

ζ∗T
(
ΨTRΨ− Ψ̄

T
RΨ̄

)
ζ∗

,

(22f)

where p represents the reliability, and p = (1− ε̂)(1−
ε̆). From Appendix B and C in [7], taking into ac-
count the requirements of real-world industrial scenar-
ios, our primary focus lies on the condition u < v

(where u = (Ψζ∗)TRΨζ∗ and v = (Ψ̄ζ∗)TRΨ̄ζ∗)
i.e., ρ increases monotonically with p. ε̂m decreases
monotonically with n̂ as indicated by Eq. (5) [27].

Remark 1. When the UL/DL blocklength is relatively
short, increasing it results in a significant reduction
in the block error rate, thereby decreasing the AoLI-

FT. However, once the blocklength exceeds a certain
threshold, communication latency may increase, lead-
ing to a subsequent rise in AoLI-FT. In this process,
although the block error rate decreases monotonically
with increasing blocklength, as indicated by Eq. (22f),
the control convergence rate also increases, ultimately
degrading control performance.

However, a smaller blocklength will lead to an in-
creased block error rate, negatively impacting the sta-
bility of the control system. Therefore, the system
must find an optimal balance in blocklength to ensure
optimal communication and control performance. As-
suming that the UL and the DL are independent, the
corresponding value of ρ can be determined accord-
ing to n̂ and n̆. However, to find the optimal value of
AoLI-FT with respect to blocklength, it is necessary
to first determine the average SINR, which involves
calculating its expected value. The computation of the
average SINR depends on ŵ and w̆. Besides, both n̂

and n̆ simultaneously affect AoLI-FT.

4.1 Co-design of Communication and Control

To handle problem Q2, we propose Algorithm 1, an
alternative iterative search algorithm. To optimize the
blocklength, which is inherently discrete, we first con-
vert it to a real number for an approximation before
reverting it to its discrete form.

In Algorithm 1, Step 1 indicates determining the
search range for the UL and DL based on the given in-
puts, using constraints Eq. (22a) and Eq. (22b) respec-
tively. Step 2 indicates calculating the average SINR
using the Monte Carlo method with a power averaging
strategy and obtaining the initial AoLI-FT.

Steps 3–11 describe the process for finding the
optimal n̂ and n̆ while minimizing AoLI-FT. Step
4 indicates using the Golden Section method [7] to
find the optimal UL blocklength n̂∗ within the range
n̂∗ ∈ [n̂min, n̂max], while keeping the DL blocklength
n̆ fixed. Step 5 shows the concatenation of the original
blocklengths and each optimized blocklength, as well
as AoLI-FT. The purpose is to facilitate the selection
of fixed parameters during the alternating optimization
process and to determine the minimum AoLI-FT after
iterative optimization. Similarly, Step 6 describes us-
ing the Golden Section algorithm to find the optimal
DL blocklength n̆∗ within the range n̆∗ ∈ [n̆min, n̆max],
while fixing the UL blocklength n̂∗, followed by data
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Algorithm 1. The iterative search algorithm.

Input: n̂(0), n̆(0), Î , Ĭ , Pmax, M , L, Q, iterations number
it, minimum interval nth;

1: Initialization: calculate [n̂min, n̂max] and [n̆min, n̆max];
2: Compute the averages of γ̂, γ̆ and ∆(0) based on Pm =

Pmax
M ;

3: for i = 1 : it do
4: n̂ = Golden section algorithm in n̆(0)(i), n̂∗ ∈

[n̂min, n̂max], n̂∗ = ⌊n̂⌋;
5: Concatenate data n̂(0) = [n̂(0), n̂∗], ∆(0) =

[∆(0),∆(n̂∗, n̆(0)(i))];
6: Similarly, obtain n̆∗, n̆(0) and ∆(0) according to

steps 4 and 5, respectively;
7: if

∣∣(n̂∗ − n̂(0)(i− 1))
∣∣ ≤ nth or∣∣(n̆∗ − n̆(0)(i− 1))

∣∣ ≤ nth then
8: break;
9: end if

10: end for
11: (n̂∗, n̆∗) = argmin

n̂,n̆
∆(0) and ρ∗ = ρ(n̂∗, n̆∗);

12: if ρ∗ > 1 then
13: l = length(∆(0)), k∗ = arg min

k∈[1,l]
∆(0);

14: if k∗ < l/2 then
15: j = (k∗ + 1) : l
16: for j do
17: b = arg

n̂,n̆
∆(0)(j);

18: if 2k∗ − j > 1 then
19: a = arg

n̂,n̆
∆(0)(2k∗ − j);

20: else
21: a = arg

n̂,n̆
∆(0)(1);

22: end if
23: ρ∗ = min {ρ(a), ρ(b)};
24: if ρ∗ < 1 then
25: (n̂∗, n̆∗) = argmin

n̂,n̆
{ρ(a), ρ(b)};

26: break;
27: end if
28: end for
29: else
30: Let j = (k∗ − 1) : 1, repeat step 16 ∼ 28. The

difference is, in step 18 ∼ 22, when (j + 2) > l,
a = arg

n̂,n̆
∆(0)(l), else a = arg

n̂,n̆
∆(0)(j + 2);

31: end if
32: end if
Output: n̂∗, n̆∗, ρ∗.

concatenation. It is important to note that after data
concatenation, n̂(0) and n̆(0) pertain only to the UL and
DL blocklengths, respectively, while the ∆(0) encom-
passes all situations. Step 7 aims to avoid repeated
iterations when the optimization variable remains al-

most unchanged. In Step 11, the minimum value of
AoLI-FT is sought to determine the corresponding op-
timal UL and DL blocklengths, as well as the control
convergence rate.

Steps 12–32 describe the process of quickly find-
ing the optimization variables that satisfy constraint
Eq. (22e). To accelerate convergence, we use the min-
imum value in the AoLI-FT as the center point (Step
13), searching for results that satisfy Eq. (22e) in its
neighborhood a and b, and continuously expanding to
further neighborhoods. When the neighborhood value
is missing, replace it with the nearest value (Step 21

and 30) until the constraint is met.
Since AoLI-FT reflects system real-time perfor-

mance, minimizing AoLI-FT leads to faster transmis-
sion responses, enabling quicker system convergence.
However, this does not ensure communication reliabil-
ity, as it involves sacrificing communication resources
to ensure optimal control performance. To meet real
industrial needs, we first calculate the minimum con-
trol convergence rate ρmin based on reliability. Then,
we adjust Algorithm 1 so that ρ∗ < ρmin to achieve
optimal results under reliability constraints. Relia-
bility requirements can be balanced with control per-
formance by appropriately adjusting the control (i.e.,
trading off some control performance for improved
communication performance). For better adaptation
to real industrial scenarios, a weighted form of AoLI-
FT and reliability could be used. By adjusting the
weights, the balance between communication and con-
trol systems can be optimized.

4.2 Computation Complexity

In Algorithm 1, simple arithmetic operations have a
constant computational complexity of O(1). Assum-
ing the number of Monte Carlo simulations is N , the
computational complexity of the SINR is O(N). Con-
sidering the worst-case scenario and ignoring the com-
putation complexity of simple arithmetic operations,
in Steps 3 ∼ 10, the outer loop iterates it times, and
each iteration uses the Golden Section Search algo-
rithm to find the optimal blocklength, with complexi-
ties of O(n1) and O(n2) respectively, where n1 and n2

are the search interval sizes for the UL and DL block-
lengths. Assuming n1 ≥ n2, this part’s computational
complexity is O(2it log n1). In Step 11, comparing
the results of 2it + 1 AOLI-FTs has a complexity of
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Table 1. Summary of parameters.

Parameter Setting value
Number of Monte Carlo similations 104

Number of plants M 2

Number of actuators Q 2

System matrix A1; A2 [2, 1; 0, 1]; [8, 1; 0, 5]
Input matrix B1; B2 [1, 0; 0, 1]; [0, 1; 1, 0]
Initial value ζ0 [7; 5; 1; 1]

Amount of information Î; Ĭ [200; 240]; [200; 160]
Maximum blocklength of UL and DL
n̂max; n̆max

[500; 400]; [500; 300]

Transmit rounds c [4; 3]

Symmetric weighting matrices G; U I4×4; 0.1I2×2

Positive definite matrix R I4×4

Number of antennas L 4

Modulation order Θ̂; Θ̆ 16

Total power Pmax 60 dBm
Power spectral density of noise −174 dBm/HZ
Sample period s 20 ms

O(2it). In Step 13, finding the position correspond-
ing to the minimum value among 2it + 1 AOLI-FTs
has a complexity of O(2it). Steps 16 ∼ 28 loop up to
2it + 1 times, with a complexity of O(2it). Similarly,
the complexity of Step 30 is O(2it). Summarizing all
the above, the total computational complexity of Al-
gorithm 1 is O(N + 2it log n1 + 8it). Since N ≫ it
i, the computational complexity can be simplified to
O(N).

For the exhaustive method, which involves finding
the optimal blocklength based on the size of each el-
ement in n1 and n2, the computational complexity is
O(N + 2n2

1). If the condition ρ < 1 is not met, the
ρ value for each element is calculated, and the block-
length corresponding to the smallest result is chosen
as the output. This has a computational complexity of
O(2n2

1). Since n2
1 ≫ N , the overall computational

complexity of the exhaustive method is O(4n2
1).

V. NUMERICAL RESULTS

Like the parameter configurations discussed in [28, 22,
16], in our work, we consider two second-order un-
stable and controllable physical system models, with
relevant parameters shown in Table 1. We also con-
sider Rayleigh fading channels and Gaussian noise in-
terference, using the Monte Carlo method for multiple
simulations to obtain the mean of SINR.

For the case with M = 1, Figure 3 illustrates
the influence of blocklengths n̂ and n̆ on the aver-
age AoLI-FT, obtained through the exhaustive search
method. To better observe the effects, the range of
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Figure 3. The impact of n̂ and n̆ on AoLI-FT.
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Figure 4. The impact of n̂ and n̆ on reliability.

blocklengths was narrowed down to n̂ = (75 : 300)

and n̆ = (80 : 300) based on constraints. The re-
sults show the minimum average AoLI-FT is 21.45

ms at optimal blocklengths n̂ = 87 and n̆ = 289.
The impact of n̂ on AoLI-FT is significant, suggesting
that smaller blocklengths for the UL can reduce AoLI-
FT and improve system real-time performance (even
though Î is large, semantic communication techniques
can be applied to achieve data transmission using a
smaller n̂). However, since ε̂ is a decreasing function
of n̂, ε̂ is higher in this case. Conversely, the impact of
n̆ is less pronounced, possibly because control com-
mands are smaller, and setting a larger blocklength al-
lows the recovery of the original signals through error-
correcting codes even if reception fails at the actuator.

Figure 4 shows the impact of n̂ and n̆ on reliabil-
ity, demonstrating that reliability increases when both
n̂ and n̆ are large. This is consistent with theory, as
the block error rate is a decreasing function of block-
length. However, higher reliability leads to a greater
control convergence rate, implying a slower conver-
gence speed and thus reduced performance of the con-

© China Communications Magazine Co., Ltd. · November 2024 49



100 200 300 400 500

20

40

60

80

100 200 300 400 500

1. 2

1. 5

1. 8

V
al
u
e,
(m
s)

, (c.u.)

PAoI_UL [16]

PAoI_DL [16]

PAoI [16]

PAoI_UL+PAoI_DL

AoLI_UL [5]

2*AoLI_UL [5]

S_AoLI-FT

M_AoLI-FT

5dB

, (c.u.)

C
o
n
tr
o
l
co
st
,
J

×104

=̂=̂

=̂

=̂

=̂

Figure 5. Comparison of different methods. When both n̂
and n̆ are involved, fix n̆ = 192 [22].

trol system. Additionally, when n̂ and n̆ are both large,
the AoLI-FT increases, negatively affecting the sys-
tem’s real-time performance. In summary, to ensure
system reliability, there may be a trade-off between
system real-time performance and convergence rate.
However, this can be mitigated by selecting suitable
values for n̂ and n̆, balancing the performance of these
three aspects.

The left image in Figure 5 compares the proposed
AoLI-FT with the new AoI measurement methods in-
troduced in recent years. PAoI UL represents the aver-
age peak age of information for uplink, while PAoI DL
denotes the average peak age of information for down-
link, when considering them as individual wireless
transmissions. PAoL refers to the average peak age
of information. In our previous work, AoLI was con-
sidered when UL and DL are consistent, equivalent
to the results of AoLI UL. 2*AoLI UL considers the
total AoLI for consistent UL and DL. AoLI-FT S re-
sults from both links having single antennas, whereas
AoLI-FT M considers multi-antenna scenarios. Com-
pared to PAoI, the AoLI-FT M proposed in this pa-
per is nearly identical when considering only UL or
DL. Compared to scenarios where UL and DL chan-
nels, error rates, and other parameters are identical,
the minimum AoLI calculated for both links is 15.25%
higher than the minimum AoLI-FT M. Moreover, for
the AoLI-FT proposed in this paper, using multiple
antennas is more effective than a single antenna, in-
creasing the average SINR by 5 dB for the system, and
reducing the optimal PAoLI by 24.48%. A Compari-
son of the left and right images in Figure 5 reveals
that as AoLI-FT increases, the control cost J also cor-
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Figure 6. Comparison of different algorithms. [22].

respondingly increases. This is likely because larger
AoLI-FT results in delayed updates of the control sys-
tem’s state information, thereby affecting the accuracy
of control decisions and ultimately increasing the con-
trol cost.

Figure 6 compares the performance of different al-
gorithms in optimizing the AoLI-FT and PAoI prob-
lems. The methods are as follows:

• M1: with n̆ fixed at 192, optimized using the
Golden Section Algorithm.

• M2: with n̂ fixed at 80, optimized using the
Golden Section Algorithm.

• M3: Algorithm 1.

• M4: Exhaustive Search Method.
According to the computational complexity analy-

sis in Section 4.2, compared to Algorithm 1 in M3, the
methods in M1 and M2 only optimize the blocklengths
of the UL/DL, and thus their computational complex-
ity is consistent with that of Algorithm 1. For both the
PAoI problem and AoLI-FT, Algorithm 1 not only has
lower computational complexity compared to the ex-
haustive method but also achieves similar results. As
clearly shown in the figure, the PAoI results of M2
differ significantly from the exhaustive method, indi-
cating poor algorithm robustness. While the results of
M1 are comparable to the exhaustive method, they de-
pend on the size of the fixed values. In summary, the
performance of the M2 method is superior. Addition-
ally, in AoLI-FT, there is a significant difference in
the optimal blocklengths for UL and DL, whereas in
PAoI, they are almost similar. This difference arises
because AoLI-FT considers flexible settings for the
rounds of transmission, where DL transmissions oc-
cur after successful UL transmissions. Thus, setting a
smaller block size for the UL ensures timeliness even
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Figure 7. Variation of n̂, n̆, and AoLI-FT with Î , where
Ĭ = 200 bits.

after multiple retransmissions. The blocklength in the
DL does not significantly impact AoLI-FT, possibly
because larger block sizes allow the receiver to suc-
cessfully recover the signal through error detection
and correction methods, even if errors occur. While
if n̆ is small, the signal can be successfully received
through retransmissions.

Since the amount of data transmitted on the UL is
generally less than that on the DL, Figure 7 mainly
considers the scenario where Ĭ = 200 bits, and Î is
continuously increased. This analysis is based on the
problem of minimizing AoLI-FT to determine n̂ and
n̆. As Î increases, both n̂ and AoLI-FT also increase
continuously. Although n̂ is small and its variation
with Î is minimal, its impact on AoLI-FT is signif-
icant. For example, when Î = 200 bits, n̂ = 73

c.u., corresponding to AoLI-FT is 21.42 ms; and when
Î = 400 bits, n̂ = 128 c.u., corresponding to AoLI-FT
is 22.22 ms (although traditionally I/n < 1, with the
development of semantic communication technology,
I/n > 1 is achievable). Additionally, the results indi-
cate that setting n̆ to about three times n̂ yields optimal
AoLI-FT performance.

Figure 8 presents the optimal blocklength, average
AoLI-FT, control cost, control convergence rate, and
reliability results under different scenarios.

• Case 1 minimizes AoLI-FT by equally distribut-
ing power among users based on Algorithm 1.

• Case 2 minimizes AoLI-FT by allocating power
proportionally according to users’ AoLI-FT.

• Case 3 focuses on maximizing reliability.

• Case 4 calculates a weighted sum of AoLI-FT and
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Figure 8. Performance comparison under different cases.

reliability, with weights of 0.6 and 0.4 respec-
tively.

The results show that Case 1 reduces transmission
time by about 30% compared to Case 3 by setting
smaller UL blocklength and three times larger DL
blocklengths. Case 2 shows similar outcomes to Case
1 due to the similarity in subsystems considered. Al-
though Case 3 achieves near-perfect reliability, it sac-
rifices time, control cost, and control convergence rate.
In contrast, Case 4 balances reliability and system re-
sponsiveness, showing a control convergence rate of
0.875 and an AoLI-FT of 26.6 ms, marking 25.4% in-
crease and 12.39% decrease compared to Cases 1 and
Case 3 respectively, with control costs lying between
those cases.

VI. CONCLUSION

In this paper, we propose a novel method for the co-
design of communication and control system within
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IIoT. Our approach introduces the AoLI-FT metric
and targets the minimization of its average value. Ini-
tially, we derive an approximate expression for the up-
per bound of the average AoLI-FT. Next, we estab-
lished a connection between the communication and
control systems using a Lyapunov-like function. Sub-
sequently, we propose an iterative alternating algo-
rithm to minimize the average AoLI-FT, optimizing
blocklength while ensuring compliance with control
constraints. The numerical results indicate that our
proposed design method can enhance communication
real-time performance while maintaining control per-
formance. Furthermore, depending on the system per-
formance requirements in different scenarios, combin-
ing the iterative alternating algorithm with a weighted
approach can effectively balance the overall perfor-
mance of communication and control systems.
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NOTES

1Unlike the communication noise v̂k,m (noise from the
external environment during signal transmission), the
process noise vk,m represents the system’s internal un-
certainties.

APPENDIX A

In the Section 3.3, to obtain E(T ) = Ts(E(Ĉ)n̂ +

E(C̆)n̆), we have to find the E(Ĉ) and E(C̆). Based
on the series expansion, we can obtain the average
rounds of transmissions for the UL as

E(Ĉ) =

∑c−1
ĉ=1 ĉp̂

ĉ−1(1− p̂)

1− p̂c−1

=
1

1− p̂
− (c− 1)p̂c−1

1− p̂c−1
,

(23)

where p̂ = E(ε̂) ≈ 1 − exp

(
− δ̂−

√
πÎ
n̂

ˆ̄γ

)
represents

the average error block rate for the UL [16]. Since the
DL transmission occurs after the successful transmis-
sion of the UL, the total rounds of transmissions for
both UL and DL is c. Therefore, the average rounds of
transmissions for the DL can be expressed as

E(C̆) =
c−1∑
ĉ=1

c−ĉ∑
c̆=1

c̆
p̆c̆−1(1− p̆)

1− p̆c−ĉ

p̂ĉ−1(1− p̂)

1− p̂c−1

=
1

1− p̆
+

c(1− p̂)− (1− p̂c)

(1− p̂)(1− p̂c−1)

− 1− p̂

1− p̂c−1

c−1∑
ĉ=1

(c− ĉ)
p̂ĉ−1

1− p̆c−ĉ
,

(24)

where p̆ = E(ε̆) ≈ 1−exp

(
− δ̆−

√
πĬ
n̆

˘̄γ

)
represents the

average error block rate for the DL.
In an actual industrial scenario, where 0 < p̂ < 1,

0 < p̆ < 1 (for example, the reliability of discrete
automatic motion control is required to be at least
99.9999% [29]), and 2 < c < ∞. In equations
Eq. (23) and Eq. (24), the subtraction terms are both
greater than zero. We can obtain the upper bound of
E(T ) as

E(T̄ ) =
Tsn̂

1− p̂
+ Tsn̆[

1

1− p̆
+

c(1− p̂)− (1− p̂c)

(1− p̂)(1− p̂c−1)
].

(25)
In actual industrial scenarios, the UL generally

transmits more information. Therefore, when the to-
tal number of transmission rounds for the uplink and
downlink is i, the time required for data transmission
is t̄1 = Ts(ĉn̂ + (i − ĉ)n̆). In region A, the genera-
tion time t̄ of two status update packages is within the
range t̄1 ≤ t̄ ≤ 2

λ . Utilizing the probability density
function of T̄ , we can get

E(A | C = i) =

∫ 2
λ

t̄1

t̄λe−λ(t̄−t̄1)dt̄

=
1

λ
+ t̄1 −

2

λ
eλ(t̄1−

2
λ
)

≤ 1

λ
+ t̄1.

(26)
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E(A2 | C = i) =

∫ 2
λ

t̄1

t̄2λe−λ(t̄−t̄1)dt̄

= t̄21 +
2t̄1
λ

+
2

λ2
− 10

λ2
eλ(t̄1−

2
λ
)

≤ 2

λ2
+

2t̄1
λ

+ t̄21.

(27)
Substituting Eq. (26) into Eq. (15), and use the arith-

metic series summation formula, we can get the upper
bound of E(Ā) is

E(Ā) =
c∑

i=2

i−1∑
ĉ=1

(
1

λ
+ t̄1)

p̂ĉ−1(1− p̂)

1− p̂c−1

p̆i−ĉ−1(1− p̆)

1− p̆c−ĉ

≈ s+ Ts(n̂− n̆)(
1

1− p̂
− (c− 1)p̂c−1

1− p̂c−1
)

+ Tsn̆(
1

1− p̆
+

1− p̂

1− p̂c−1

1− cp̆c−1

1− p̆c−1
),

(28)
where 1

λ is not related to the summation. Expand the

summation part
∑c

i=2

∑i−1
ĉ=1

p̂ĉ−1(1−p̂)
1−p̂c−1

p̆i−ĉ−1(1−p̆)
1−p̆c−ĉ =

1−p̂
1−p̂c−1

(1−p̆)(1+p̆+...+p̆c−2)
1−p̆c−1 +

p̂(1−p̂)
1−p̂c−1

(1−p̆)(1+p̆+...+p̆c−3)
1−p̆c−2 + . . . + p̂c−1(1−p̂)

1−p̂c−1 . where
each term can be understood as the probability
of the UL transmitting only i − 1 times multi-
plied by the probability of the DL transmitting
c − i times (c̆ ≤ c − i). According to the ge-
ometric series summation formula, it is easy to
calculate that the result of summation part is
1. The second and third items in ∗ are calcu-
lated based on

∑c
i=2

∑i−1
ĉ=1 ĉ

p̂ĉ−1(1−p̂)
1−p̂c−1

p̆i−ĉ−1(1−p̆)
1−p̆c−ĉ

and
∑c

i=2

∑i−1
ĉ=1 i

p̂ĉ−1(1−p̂)
1−p̂c−1

p̆i−ĉ−1(1−p̆)
1−p̆c−ĉ , respec-

tively. The former can be directly obtained by
simplification, while the latter yields a result of
1

1−p̆+
1−p̂

1−p̂c−1 (
1−cp̆c−1

1−p̆c−1 +p̂2−cp̆c−2

1−p̆c−2 +. . .+p̂c−2 (c−1)−cp̆
1−p̆ ).

Due to the generally low block error rate, 1−p̂
1−p̂c−1 is

close to 1. Although 2−cp̆c−2

1−p̆c−2 is greater than 1, it will
be quite small after being multiplied by p̂. Similarly,
the terms containing higher powers of p̂ in the paren-
theses will be even smaller. Therefore, the third term
can be approximated as 1

1−p̆ +
1−p̂

1−p̂c−1
1−cp̆c−1

1−p̆c−1 .
Based on Eq. (28), the upper bound of

E(Ā2) can be expressed as Eq. (29).

[ht]

E(Ā2) =

c∑
i=2

i−1∑
ĉ=1

(
2

λ2
+

2t̄1
λ

+ t̄21)
p̂ĉ−1(1− p̂)

1− p̂c−1

p̆i−ĉ−1(1− p̆)

1− p̆c−ĉ

≈ 2s2 + 2s(E(Ā)− s) + a1T
2
s (n̂− n̆)2 + 2n̆T 2

s (n̂− n̆) [
1

1− p̆
(

1

1− p̂
− (c− 1)p̂c−1

1− p̂c−1
) + a2]︸ ︷︷ ︸

①

+ a3T
2
s n̆

2 [
1

1− p̆
+

3

(1− p̆)2
+

2p̆(1− p̆c−2)

(1− p̆)3
]︸ ︷︷ ︸

②

,

(29)

where a1 =
1−(2c−3)p̂c−1

(1−p̂)(1−p̂c−1) +
2p̂

(1−p̂)2 − (c−1)2p̂c−1

1−p̂c−1 a2 =
1−p̂

1−p̂c−1
1−cp̆c−1

1−p̆c−1 and a3 = 1−p̂
1−p̂c−1

1−p̆
1−p̆c−1 . Let ω =

p̂ĉ−1(1−p̂)
1−p̂c−1

p̆i−ĉ−1(1−p̆)
1−p̆c−ĉ , then

∑c
i=2

∑i−1
ĉ=1 t̄

2
1ω in Eq. (29)

is mainly related to
∑c

i=2

∑i−1
ĉ=1 ĉ

2ω,
∑c

i=2

∑i−1
ĉ=1 iĉω

and
∑c

i=2

∑i−1
ĉ=1 i

2ω. Using the geometric series sum-
mation formula, it is easy to calculate that

•
∑c

i=2

∑i−1
ĉ=1 ĉ

2ω = 1−(2c−3)p̂c−1

(1−p̂)(1−p̂c−1) +
2p̂(1−p̂c−2)

(1−p̂)2(1−p̂c−1) − (c−1)2p̂c−1

1−p̂c−1 . In actual in-

dustrial scenarios, 1−p̂c−2

1−p̂c−1 ≈ 1, therefore,∑c
i=2

∑i−1
ĉ=1 ĉ

2ω can be approximated as a1.

•
∑c

i=2

∑i−1
ĉ=1 iĉω = 1

1−p̆(
1

1−p̂ − (c−1)p̂c−1

1−p̂c−1 ) +

1−p̂
1−p̂c−1 [

1−cp̆c−1

1−p̆c−1 + 2p̂2−cp̆c−2

1−p̆c−2 + . . . + (c −
1)p̂c−2 (c−1)−cp̆

1−p̆ ]. Where 2−cp̆c−2

1−p̆c−2 = 1
1−p̆c−2 +

1−cp̆c−2

1−p̆c−2 ≈ 2, the smaller p̆ is and the larger c

becomes, the closer it approaches. Therefore,
[·] = [1 + 22p̂2 + . . . + (c − 1)2p̂c − 2], and∑c

i=2

∑i−1
ĉ=1 iĉω can be approximated as ①.

•
∑c

i=2

∑i−1
ĉ=1 i

2ω = a3(
22−c2p̆c−1

1−p̆ +
3p̆−(2c−1)p̆c−1

(1−p̆)2 + 2p̆(1−p̆c−2)
(1−p̆)3 ) + a3p̂(

32−c2p̆c−2

1−p̆ +
5p̆−(2c−1)p̆c−2

(1−p̆)2 + 2p̆(1−p̆c−3)
(1−p̆)3 ) + . . . +

a3p̂
c−2( c

2−c2p̆
1−p̆ + (2c−1))p̆−(2c−1)p̆

(1−p̆)2 + 2p̆(1−p̆c−c)
(1−p̆)3 ).

Since p̂ is very small, therefore, we only retain
the first product term in the above expression, and
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in this product term, (·) is approximately equal to
②.

By substituting Eq. (25), Eq. (28), Eq. (29) into
Eq. (13), the average AoLI-FT of a plant can be calcu-
lated.
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